Nonlinear evolution of the Landau-Lifshitz type can be exactly linearized. Special cases include the radiation-damped spin system and the superradiant system in the semiclassical regime, in the presence of time-varying driving fields. For these, the resultant linear system is simply that of a spin 1 2 particle, with the radiation damping rate, or superradiant characteristic time, manifested as an imaginary addition to the spin's resonance frequency. Consequently, methods from inverse scattering theory can be used to design driving fields. The behavior of these systems under stochastic excitation can be determined exactly. PACS numbers: 42.50.Fx, 03.65.Sq, 33.25. + k It is well known that there are close parallels between the optical behavior of atomic systems and the behavior of spins in a magnetic field [1] . For example, in atomic systems, such as Rydberg atoms [2, 3] , cooperative spontaneous emission gives rise to superradiance and superfluorescence [4, 5] . Here, a group of atoms cooperate to produce a radiation pulse, after being prepared in a state away from thermal equilibrium. Particularly interesting is when the initial state is that of complete inversion. Initially the only reaction field on the atoms is due to quantum fluctuations in the vacuum. However, this is sufficient to allow the system as a whole to eventually leave its unstable equilibrium and produce a radiation pulse, or "burst," with a burst time defined as the time taken for this pulse to reach its maximum amplitude.
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A system of nuclear spins inside a detection coil can be modeled by semiclassical equations of the same form as those often used in the optical systems mentioned above, i.e., the Maxwell-Bloch equations. Here, the Bloch vector, m, representing the magnetization at position r of the sample is driven by a magnetic field according to the Bloch equations [6] . The magnetic field is in general composed of an external time-varying field, and a field induced by the current flowing in the detection coil, which is itself related to the magnetization in the coil. Thus, m will, in general, evolve in a nonlinear, nonlocal way.
This backreaction due to the coil current is known as radiation damping [7, 8] and is analogous to the superradiant reaction field in optical systems. It is now a significant factor in magnetic resonance (MR) experiments with the use of high magnetic fields and high coil quality factors, particularly with experiments involving laser-polarized noble gases.
In most cases, the effect is considered a nuisance, and methods are needed to compensate for it [9] . Additionally, it often cannot be assumed that the driving fields [in MR, these are radiofrequency (rf) pulses] used to prepare the spin system in a nonequilibrium state are sufficiently short to be unaffected by radiation damping. With the greater use of "soft" frequency-selective pulses lasting several ms, this assumption is often invalid: numerical methods have been used to optimize existing pulses to minimize their sensitivity to radiation damping [10] .
There have been recent suggestions on how to exploit radiation damping. For example, "maser oscillations" due to radiation damping in a spin-exchange-pumped dual noble gas system can be used in the accurate measurement of Zeeman splittings [11] . A second example is in the detection of dilute spins [12] . As with the superfluorescent radiation burst described before, an initially inverted magnetization will give rise to a radiation damping burst if disturbed slightly from its unstable equilibrium. In MR, coil noise (as opposed to spin noise) is usually the disturbing factor [13] ; however, the rf due to a second, dilute spin species could also be used. Hence, a change in burst time from that expected due to coil noise would act as a detector of such spins. This is the same idea as the use of the fluctuation of superfluorescent burst time with Rydberg atoms to measure the strength of a radiation field in a cavity [2, 14] .
We have found that the (nonlinear) dynamics explicitly given by Bloom [15] to describe the radiation-damped system (and subsequently used in studies of superradiant systems with a driving field and in the semiclassical regime [14] ), are exactly linearizable if the spin-lattice and spin-spin relaxation times, T 1 and T 2 , are neglected, which is often reasonable. Further, the linear system has the same form as the two-level linear system that is equivalent to the Bloch equations without radiation damping.
This linearization is valid with a time-varying driving field, and with a nonzero, possibly time-varying resonance offset, or detuning. Since the two-level system can also be thought of as a scattering problem-the Zakharov-Shabat eigenvalue problem [16] -results from scattering theory can be used to determine the responses to some important forms of driving field. Conversely, driving fields can be calculated with specified responses as functions of both resonance offset and radiation damping rate. In particular, 0031-9007͞00͞84(8)͞1685(4)$15.00pulses that are insensitive to radiation damping can be determined. This is equally applicable to superradiant systems (in the semiclassical regime), allowing the calculation of pulses that prepare the system in nonequilibrium states and that are insensitive to detuning or superradiant time.
The dynamics of the system in the presence of a stochastic field can be exactly determined (there is no need to invoke a "small-tip angle" approximation [17] ). Given, say, an initially inverted magnetization and a noise field (e.g., from a detection coil), the expected burst time can be calculated. When there is an additional "deterministic" field, for example, due to a dilute spin species, this linearization allows the calculation of how much of the dilute species is needed to dominate the noise.
For a system of one spin species at a single freeprecession frequency (e.g., there is no inhomogeneous broadening), and with no T 1 or T 2 relaxation, its evolution in the rotating frame is described by the nonlinear Bloch equations [15, 18] ,
Here, given a magnetization m ͑m x , m y , m z ͒, m is the complex transverse magnetization, m m x 1 im y . The magnetization has magnitude m 0 jmj. The driving field is v v 1 1 iv 2 (measured in the rotating frame and expressed in units of angular frequency). The spin's resonance frequency, relative to that of the rotating frame (i.e., the resonance offset), v 3 , is also in units of angular frequency, and t r is the radiation damping time constant of the system. All quantities here are, in general, time varying. The complex conjugate of any quantity z is denoted byz. Equivalently [19] , m can be considered as the integral curve, or flow, generated by the vector field
where the individual vector fields making up the VessiotGuldberg-Lie algebra [20] of the system are
For example, 2iv 3 X 3 describes the behavior of the system if v 3 were the only driving term in the dynamics.
Operating
are zero. Notice also that all the above vector fields operate on m 0 to give zero, showing that this is a constant.
If the vector fields describing the system dynamics form a finite-dimensional Lie algebra, that system can be exactly linearized [20] . The flows in (2) form the algebra ᒐᒒ͑2͒ © ᒐᒒ͑2͒, which means that Eqs. (1) 
then m,m, and m z satisfy Eqs. (1). Thus Eq. (3) and its complex conjugate represent the flows of the ᒐᒒ͑2͒ algebras described above. This linearization can more generally be applied to nonlinear evolution of Landau-Lifshitz type [21] , ≠m ≠t
where 3 denotes the vector cross product. This describes the evolution of magnetization in ferromagnetic media [21, 22] . It is also used to model spin dynamics in a stochastic field to enable T 1 relaxation at finite temperature to be accounted for [23] . With v ͑v 1 , v 2 , v 3 ͒, Eq. (1) is obtained from the Landau-Lifshitz system by choosing V ͑0, 0, 1͞t r ͒. For general, time-varying V͑t͒ ͑V 1 , V 2 , V 3 ͒, Eq. (5) can be obtained from Eqs. (4) together with the linear system ≠c ≠t 2 i 2
where V V 1 1 iV 2 . Equation (3) with 1͞t r 0 is precisely the evolution equation of a spin 1 2 particle, and Eqs. (4) give the usual transformation from this spinor equation of motion to the Bloch equations without radiation damping (when 1͞t r 0, the term c 1c1 1 c 2c2 is constant, usually chosen equal to 1). Radiation damping simply shifts the resonance offset of the system into the positive imaginary plane by i͞t r . Hence, many results known for the spin 1 2 system can be generalized to the radiation damped system by analytic continuation into the complex plane.
For example, let the scattering coefficients [24] associated with the driving field v͑t͒ be a͑z ͒ and b͑z ͒, where z ͑v 3 1 i͞t r ͒͞2, which will be assumed to be time constant. Scattering coefficients are numbers relating the state of the system after evolution in a driving field to the initial state, as functions of z .
Consider a system with magnetization m 0, m z 1 at time t 2`. Previous results for a system without radiation damping [25, 26] 
where r͑z ͒ b͑z ͒͞a͑z ͒ is the "reflection coefficient" of the system and is determined by v͑t͒. For example, for v͑t͒ small, r͑z ͒ is proportional to the Fourier transform of v͑t͒ [24] , r͑z ͒ 2
In general, though, the relation between v and r is nonlinear.
The response of the radiation-damped system can be obtained in closed form for many important choices of driving field. For example [16, 24] , the "soliton" pulse v͑t͒ 2l sech͑lt͒, where l is real and positive, and 2`, t ,`has scattering coefficients a͑z ͒ ͑z 2 il͞2͒͑͞z 1 il͞2͒ for z in the upper half complex plane, and b͑z ͒ equal to 0 for all real z and equal to 2i at z il͞2. By considering how b͑z ͒ behaves off the real axis for a sech pulse of finite duration, letting this duration tend to infinity, and using Eq. (7) it can be shown that this pulse has final magnetization response m 0, m z 1, unless t r l and v 3 0, in which case the magnetization will be inverted (m z 21). Thus this soliton pulse provides a very selective means of spin inversion.
Since Eq. (3) is a scattering problem with scattering parameter z , and potential v͑t͒, the system can be inverted to find the driving field that will give any desired final (physically achievable) response as a function of z . This enables the design of resonance offset selective, radiation damping insensitive pulses. Suppose a pulse is designed that ends at time t 1 0 and that has reflection coefficient r͑z ͒ i 2 ͓tanhm͑z 1 x 0 ͒ 2 tanhm͑z 2 x 0 ͔͒. For x 0 real, and m sufficiently large, this corresponds [Eqs. (7)] to a final m close to i (i.e., m x 0, m y 1) for jv 3 j , 2x 0 and close to 0 otherwise. There is very little dependence on t r , except in the transition region. Figure 1 shows a pulse that was designed via an inverse scattering method [25] to have a reflection coefficient that was a 32 pole rational approximation to that given above, with m 4 and x 0 1 rad͞ms. Figure 2 shows the corresponding m y response [calculated via numerical integration of Eq. (3)] as a function of resonance offset and radiation damping rate.
A result similar to the linearization described above was found by Barbara [27] . There it was shown, for timeconstant fields, that Eqs. (1) Finally, consider the behavior of the spin system with a stochastic driving field (typically caused by rf coil noise [13] ). The linearization of the Bloch equations enables the statistical dynamics of the system to be obtained exactly in closed form for simple noise processes.
Assume that the rf coil produces a stochastic field, v n ͑t͒, that is a complex-valued white noise process with ͗v n ͑t͒͘ 0, ͗v n ͑t͒v n ͑t 0 ͒͘ 2sd͑t 2 t 0 ͒, where d͑t͒ is the Dirac delta function and s is a constant.
Define 
